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Abstract 

We study the strong solvability of the nonstationary Stokes prob- 
lem with non-zero divergence in a bounded domain. 

1 Introduction and Main Results 

Let be a domain in W 1 , n > 2, with sufficiently smooth boundary 
<9f2, and assume that f2 is homeomorphic to a ball. We study the 
solvability of the linear initial boundary-value problem 



dtv — Av + Vp = f 
div v = g 



in Q T := O x (0,T) (1.1) 



v\ t=0 = 0, v\dQx(o,T) = 0. (1.2) 

We assume there are s, I £ (1, +oo) such that the following conditions 
hold: 

/ e L Stl (Q T ), (1.3) 

9 G Wlf (Q T ), (1.4) 

dtg G L s>l (Q T ), (1.5) 

Jg(x,t)dx = 0, a.e. ie(0,T), g(-,Q)=0. (1.6) 
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Here L s j(Qt) is the anisotropic Lebesgue space equipped with the 
norm 

H/lk,,«W : = {[ ( jJj/GM)!' dx) l ' S dt) l/ \ 
and we use the following notation for the functional spaces: 
wlf{Q T ) = L,(0,T; W}(Q)) = {«£ L s>l (Q T ) : G L M (Q T ) }, 
W s 2 /(Qt) = { u e W l s f{Q T ) : V\ d t u e L s>l (Q T ) }, 
Wl(n) = {ueW}(n): u\ dn = 0}, 

W' 1 ^) = (Wl,(n))* = dual space to W^Q), 
and the following notation for the norms: 

W u Wwlf(Q T ) = \\ u \\l s AQt) + ll Vn lk,i(QT)> 

H U Hw s 2 ;/(Qt) = H n ll<f (Qt) + H v2n lli s ,i(QT) + ll5t«IU.,iWT)' 

ll^llp^-i(Q) = sup J u ■ w dx 

l|Vw|h s , (n) <l 



I^HiiCO.TjWT 1 ^)) 







Our main result is the following 



Theorem 1.1 Assume s, I £ (1, oo) and let f, g satisfy conditions 
ltl.3\) — tl.6\) . Then there exists the unique pair of functions (v, Vp) 
such that 

veW 2 s j(Q T ), VpeL S:l (Q T ), 

and (v,S7p) satisfy the equations a.e. in Qt and lll.ty) in the 

sense of traces. Moreover, the following estimate holds: 



< c* (\\f\\ LsA Q T ) + \\g\\wif {QT ) + ll^ll^ (QT) ll%ll^o jT . Ws - 1(n))y • 



(1-7) 

Here C* is a constant depending only on n, T , and f2. 

The following theorem shows that the assumption (jl.5p in Theorem 
11.11 can not be omitted or replaced by a weaker assumption 

dtg 6 Li(0,T; W s _1 (f2)). (1.8) 
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Theorem 1.2 Assume n = 2 and Q is a unit disc in M 2 . There 
exist functions f , g satisfying conditions (jl.3p . (|1.4|) . (|1.6p . (jl.8p loit/i 
s = / = 2 and fflanxf-l.o) = 0; an d there exists a weak solution (v,p) 
of the problem (jl.ip in Q = Vt x (—1,0) satisfying the initial data 
v\t=-\ = and the boundary data u|anx(-l,o) = in i/ie sense of 
traces, and possessing the properties 

veC([0,T];L 2 (n))nW^°(Q T ), (1.9) 

P£L 2 (Q T ), (1.10) 

$w€L 2 (0,T;W 2 - 1 (fi)) 1 (1.11) 

(v,p,f,g) satisfy U.l\) in the sense of distributions, (1-12) 

but 

v?W%>\Q), Vp?L 2 (Q), 
so the weak solution (v,p) fails to be a strong solution. 

Theorem 1 1 . 21 exhibits nonexistence of a strong solution to the prob- 
lem {II]), (H2]) under the assumptions (fT3]) . (Ol) . (fL6l) (fL8l) only, as 
the following uniqueness theorem shows: 

Theorem 1.3 Assume n > 2 and /, g satisfy conditions $1.3\) . 
U.6\) , \1.8\) with s = I = 2. T/ien the weak solution of the prob- 
lem fl.l\) . (EJjj possessing the properties $1.9\) — (if exists) is 
unique. 

The counterexample provided by Theorem 11.21 looks surprising as 
if we take an arbitrary divergent-free function v such that 

veW^\Q T ), v\ dQ = 0, 4 = o = 0, 

then we have 

d t divv 6 L 2 (0,T;W a - 1 (J2)), 

and one could conjecture that condition (|1.8p with I = s = 2 is the 
natural one for the solvability of the problem (jl.ip . (|l,2p in the class 
(v,p) e W| ,:1 (Qt) x Wj' (Qt)- Theorem 11.21 demonstrates that this 
is not the case. 

Estimates of Sobolev norms of a solution v to the problem (II. 1|) 
by Lebesgue norms of the functions /, Vg and dtg are well-known, 
see, for example, |4]. The specific feature of our estimate (I1.7P is its 
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multiplicative form, i.e. right-hand side of (jl.7p includes a product of 
a stronger norm \\dtg\\ L ^(Q T ) by a weaker norm \\d t g\\ Ll ^ T . w ~i( n) y 
Such form is convenient for a simple proof of the local estimates of 
solutions of the Stokes problem near the boundary: 

Proposition 1.1 Denote Q + := {x G W 1 : \x\ < 1, x n > 0} x (-1,0) 
and 

Q+ /2 := {x G R n : \x\ < 1/2, x n > 0} x (-1/4,0). 

issame u G W 2 s f{Q + ), q G Wjf (Q + ), / G L s j(Q + ) satisfy the fol- 
lowing Stokes system: 

divn = J * (1.13) 

u\ Xn=0 = 0. 

T/ien there is an absolute constant C ( depending only on n) such that 
: ^(Qt /2 ) + llVqll ^AQi /2 ) 



;i.i4) 



We remark that estimate (I1.14p plays an important role in the 
study of the boundary regularity of suitable weak solutions to the 
Navier-Stokes system, see [7j, [8] and reference there. The estimate 
(I1.14p was proved in [6]. In [10] the same result was established for 
the generalized Stokes system. The local Stokes problem ()1.13j) can 
be transferred to the initial boundary-value problem of type (ll.ip by 
multiplication of u by appropriate cut-off function £, where v = (u, 
p = (^q. Then the estimate (I1.14p follows easily from (jl.7p by it- 
erations. We reproduce the derivation of (|1.14p from (jl.7p in the 
Appendix of the present paper. 

Theorem 11.11 gives only sufficient conditions for the solvability of 
the problem (jl.ip in the class W^'1{Qt)- The conditions on g which 
are both necessary and sufficient for the strong solvability of the prob- 
lem (jl.ip seems to be unknown even in the case of s = I = 2. 

In [TJ] the following estimate was proved for solution (v,p) of the 
problem ([11]), (Ol) : 

' v (1.15) 

^ C * (\\f\\L Btl (Q T ) + W9\\L 3!l (Q T ) + H^lli^cT;^- 1 ^)) J > 
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where || • stands for the dual norm to the space W^,(Q) (with 

non-zero traces on the boundary): 



lwT x (n) ~~ SU P 

■wew 1 . in) 

s' 



v ■ w dx 



n 



We remark that the estimate (|1 . 15[) is not so convenient for appli- 
cations as a weak solution u £ W \ (Q + ), Q G L s j(Q + ) of the local 
Stokes problem (|1.13p satisfies the estimate 



^(-1,0; WT 1 ^)) - C (\\fh l (-i,o-,w s -\B+)) + \\ u \\w^f(Q+) + \\ q \\L s , l (Q+)) 

(1.16) 

but, generally speaking, the similar estimate with ||c? f u|| i;( - t.w^ 1 (b+)) 
replaced by H^uH^ , t-w~ 1 (b+)) * s no ^ true. 

Our paper is organized as follows: in Section [2] we present sev- 
eral auxiliary theorems concerning extensions of functions from the 
boundary onto a whole domain; in Section [3] we prove a theorem on 
solutions to the problem divit = g, u\qq = 0; the proof of Theorem 11.11 
is presented in the Section HJ a counterexample of Theorem 11.21 is con- 
structed in Section [5j in the Appendix the derivation of the estimate 
(|1.14p from (|1.7p is given. 



2 Auxiliary Results 



In this section we formulate several results concerning extension theo- 
rems from the boundary of a domain. We denote by R™ the half-space 
R+ = {x = (x',x n ) G R n : x n > 0}, and by V' the gradient with re- 
spect to x'. Let us start with the following 

Proposition 2.1 For any if £ W} (O) the following estimate holds: 

IMk(an) < c IMli( S (n)IMI^i(Q)- ( 2A ) 

Proof. For a function (p : R™ —* R the estimate (I2.ip follows from 
the integral representation 

\<p(x',0)\ s = - J — \ip(x',x n )\ s dx n 





5 



with the help of the Holder inequality. For a bounded smooth domain 
£1 C W 1 the estimate (|2.ip can be justified by a standard techniques 
of the local maps and partition of unity. ■ 

By Wl{dQ) with non-integer r > we denote the Sobolev-Slo- 
bodetskii space of functions defined on dfl. The next proposition is 
essentially proved in [T2]. We just need to verify that the extension 
operator T\ can be constructed in such a way that both estimates (|2.2p 
and (|2.3p hold simultaneously. 

Proposition 2.2 Let $7 Cl™ be a bounded domain, dfl G C 3 . There 
exists a linear operator T\ 

Ti : Ws~°{dty x wl~^(dn) -» W S 2 (Q) 

suc/i i/tai /or any b G Ws 3 (90), a G Ws s (dfl) £/ie function f := 
Ti(b,a) possesses the following properties: 



/Ian = 6, ^ 



= a, 

an 



wi(n) < Ci(ll & llH/i(an) + lklU s (an)J- (2-2) 



Moreover, if additionally b G W s s (d£l), a £ W s s (dQ) then f G 
W 3 (C7) and 



W3 (0 ) < C 2 ||6|| 3-i +||a|| 2-i • (2-3) 
"" s w V" V s s (an) V s s (an)/ 

JTie constants C\ and C2 depend only on n and Q. 



Proof. First, we consider the case of a half-space, Q = Wf. Assume 

1-i 9—1 



a G W s s (M n_1 ) and b € W s s (M. n ~ L ). Let us consider a kernel 

'OC 





K G C£°(R n x ) with the following properties: 



J K(y')dy' = l, J y a K (y 1 ) dy' = 0, 



a = 1, . . . , n — 1, 



and a smooth cut-off function ( : [0, +00) — * R such that 
C(y n ) = l on [0,1/2], < C < 1, C(Vn)=0 on [l,+oo) 
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Define the function / as follows: 

f(y) = ((yn)(g(y) + h( y )), 

9{y) = / K(z')b(y' + y n z) dz ', 



h(y) =Vn I K(z')a(y' + y n z) dz 



Then obviously /| 3/n =o = b, -^\ yn= o = a. It is well known that for 
a 6 Ws~°(dn), b e w!~^(dQ), the inequality 



< C 2 



+ o 



w s 3 (an) w s a (an) 
holds (see [E]). So, we need to verify the estimate 

ll/llwi(R") < + II^IUsQR™- 1 )) 

Consider, for example, the function h. We have 

Ky) = yl' n J 

dh(y) 



) 



K 



z'-y' 



dy 



yl~ n 



Vn 

dK (z'-y 1 



dh(y) !_ 
dy n Vn 



(2 - n)K 



dy a V 2/' 



z'-y' 

Vn 



a(z') dz' , 
a(z') dz', 



(V'K 



2/r, 



(2.4) 



z' — y'\ z' — y' , 



a(z') dz'. 



Integral convolution operators in L s -spaces are bounded by Li-norm 
of the kernel. Therefore, 



dm 

dy a 



IIC^IU S (K") - ll-^llLi(R' l - 1 )ll a llL s (R' 1 - 1 )' 

dK 



< 



dy, 

d((h) 
dy n 



m\L. 



Li(R n - 1 ) 



i), a = 1, . . . , n — 1, 



< C|| a llL s (R™-i) 
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and ||C^llw/i(R™) — C|| a IU s (M«- 1 )) where the constant C can be ex- 
plicitly expressed in terms of functions K and £. The inequality 
llCs , llw s 1 (R ra ) — Cll^lliy^M"- 1 ) follows by the similar argument. Thus, 
we justified (|2~ij) . 

Again, the case of a bounded smooth domain reduces to the case 
of a half-space by the standard techniques of localisation. ■ 

Now we formulate one result from [9]. This result is an analog 
of Bogovskii's result [2j in the case of smooth compact manifold dVt. 
Assume O C M n is a domain which is homeomorphic to a ball and 
denote by v{x) the unit outer normal to dVt at the point x G 90. Let 
b : 90 — * M. n be a vector field such that b ■ v = 0. Below the symbol 
divs b stands for the differential operator which is defined in a local 
coordinate system {ya}a=i by 

1 9 

div 5 b = — — {y/g b a (y)), 
\fgoy a 

where g = det(g a p), g a/3 = 5^ • and b a (y) are the components 



dy a dyp 

of a vector field b in local coordinates {y a }, i.e. b{x{y)) = b a (y) 



Proposition 2.3 Assume C W 1 is a smooth domain which is home- 
omorphic to a ball. There exists a linear operator T 2 

T 2 : { x G w}~'(dSl) : [ x ds = } -» W^ 8 (90; R n ), 

swc/i i/iai i/te function b = T 2 x possesses the following properties: 
(b, v) = 0, divs b = x on 90, 

and 

\\b\\wl(dO) < C\\x\\ L ,(ga). (2.5) 
2-A 

Moreover, if additionally x G Ws s (90) i/ien 



,3 



_i <C||x|| 2 _i . (2.6) 
W s u 3 (<9f2) VK S 3 (<9f7) 

Proposition 12.31 is proved in [9], see Propositions 2.1, 2.2, 2.3 there. 
We just emphasize that as the construction of the operator T 2 in a 
local coordinates {y a } uses nothing but the Bogovskii operator (see 
[2] ) , the both estimates (|2.5p and (|2.6[) are satisfied simultaneously. 
Combining Propositions 12.21 and 12.31 we finally obtain 



<s 



Proposition 2.4 Let Vt C W 1 be a bounded domain which is homeo- 
morphic to a ball, dfl G C 4 . Then there exists a linear operator 



i 



T 3 : { k G W s s (dfl) : / x ds = } ^ W s 2 (tt; R n ), 

Jan 

such that the function w = T^x possesses the properties 

divw = 0, w\ dn = -xv, \\w\\ La ^ < C\\x\\ Ls ^ m y 

2 _ I 

Moreover, if additionally x G W s B (dQ) then w G W s 2 (f2;M n ) and 

Il u; llw^ 2 fn") ^ C|l x ll 2-i 
ii iiw.m; - n 11^2 s(gn) 

Proof. Denote by z> a smooth extension of the field v into the whole 
domain f2, i> : f2 — > IR n , £|aQ = za Let 

6 = -T 2 ^^(ffl;| n ), <6,i/)=0. 

Define the vector-field 

a = (6, V) P — b div P G ^"^(dfi), 

and let / = T\(b, a), where T\ is the operator constructed in Proposi- 
tion EJ2J We have 

f\an = b, ?f = a, (2.7) 
ou an 

w}(n) < C||ft|lwi(9n) < C|MU s (9fi)> ( 2 -8) 



and 



^(jj) < C\\b\\ 3 _i <C||x|| 2 _i (2. 

W s (iZj- II 11^3 - - II 11^2 V 



2 _1 

in the case x G W s s (<9f2). Note that |z^(a;)| 2 = 1 on the boundary, 
so (b, V)v _L v and g£ = a _L i> on 30. Therefore, 

(div/)| 9c = div 5 6. (2.10) 

Now we introduce the vector-function w; G W 1 ($7,IR n ) defined as 

n q 

w j( x ) = J2q^: (fi( x ) D i( x ) ~ fj( x )^( x )) ■ 
i=l 1 



9 



Clearly, divw = 0. We have also ||w||i 4 (n) < C||^IU s (9f2) an d 

2-i 

||Hlw 2 cn) < C\\x\\ 2 _i , xeW s a (d9), 
sK ' w s a (an) 

due to (ES} and ([SU)) . Finally, by virtue of ([22]) and (pHPl) we get 



6>n 



^la^ = (5 div / + (/, V)S - <z>, V)/ - / div z>) 

= f divg b + a — -7-^ = — i/x. ■ 
01/ 

3 On the problem div u = g 

Theorem 3.1 There exists a linear operator 

T : { g £ L S (Q) : [ g dx = } -> ^(ft;R n ) 

snc/i i/iai i/ie function u = Tg is a solution of the equations 

divn = g a.e. in Cl 
u\an = 

which satisfies the estimate 

ii ii ^ n n nVs n ill/* 7 
IMIz.(n) < c ill5lL s( n)ll5ll w -i (f2) - 

Moreover, if g G Wg (O) thenu S Ty s 2 (Q) and [|it[|ve 2 (n) — C2||<7||wi(n)- 
#ere Ci and C2 depend only on n, s, and CI. 

o 

Proof. Let 93 G Ws(fi)n W s 2 (fi) be a solution to the Dirichlet problem 

A(p = g in 0, = 0, 

and define the function k : dCl — > R by the formula x = We have 

llvllwi(n) < c 'll5'll H / 7 i(Q), IMIw 2 (n) < Cllfllk.cn) 

and by Proposition O ||x|| Ls(9c) < C||g||^ s (n) If € 
W s x (0) then 

Wl w 2-i (an) < C|Mlwj(n) < <%llwj(n)- 
10 



Note that >cds = f n gdx = 0, so we can apply Proposition 12.41 to 
the function x. Let w = T^x and u = V92 + w. Then 



u 



and 



11 11 1/5 1 1 1 1 1 1 s> 
\L.(tt) < \\<P\\w}(p) + C\\x\\L s (dn) < C n9\\L s (Q)\\9\\ w -i {Q) 



l«llw?(n) ^ \\<P\\wi(n) + C|kll w 2-i (an) < C 2 \\g\\ W }(n)- 

dip 



Finally, u\ dn = -jfcv -w = 0. 



4 Proof of Theorem 11.11 

Assume g satisfies conditions (jl.4p - (|1.6p and consider the function 
w = Tg, where the operator T is defined in Theorem 13.11 Then 

divu; = 3 a.e. in Q T , w\asix(o,T) = 0, 
w(-,0) = 0, dtw = T{dtg) a.e. in Qt, 
IK->*)llw?(n) < C\\g(-,t)\\ w i (n) for a.e. t G (0,T), 
ll^(-,*)IU.(0) < C||%(-,t)||^ (n) ||^(-,t)||^ 1(n) for a.e. t G (0,T). 

Taking the power I, integrating these inequalities with respect to t and 
applying the Holder inequality, we obtain 

IHIw^qt) < c (\\9\\w^( Qt ) + ll^llil'(Q T )II^Hw 5 wr l (n)))' 



Let (it, Vp) be the solution of the Stokes problem 

9tn — An + Vp = / — (Sjiu — Aw) 
div ti = 

w laQx(0,T) = 0j n |i=0 = 0. 



(4.1) 

in Qt 



It is well-known (see, for example, |11| and references there) that 
(u, Vp) satisfy the estimate 

H U IIw#«t) + H V PIU.,i(Qt) ^ ^(II/IU^CQt) + IMIw^Qr)) • ( 4 - 2 ) 

Put u = u + tf. Then (v, Vp) is a solution to the problem (jl.ip . (|1.2p . 
Combining estimates (14. ip and (j4.2[) we obtain (jl.7p . ■ 
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5 Proofs of Theorems 



1.2 



and 



1.3 



For the presentation convenience in this section we denote by f2 the 
unit disc in R 2 and by Q C R 2 x R we denote the following space-time 
cylinder 

Q := fl x (-1,0). 

Moreover, we assume the Stokes system (jl.l|) is considered in Q and 
the initial value v\t=-i = is prescribed at t = —1. 

Proof of Theorem 11.21 

1. For t < we introduce the scalar function tp : Q — > R given by 
serie 

, , „ , r n sin n9 

<nr{\ — n't) 

n=l v ' 

in the polar coordinate system x\ = rcos9, %2 = rsm.9. Then 

r n ~ l smn9 1 r n_1 cos n9 

Wfr Q )=\ n 3 (1 _ n 7 t) » ~ r d ^ = E n 3(l _ n 7 t) 

n=l v ' n=l ' 

and Atp = in Q. Introduce the vector- function w : Q — > R 2 which is 
given by formulas u; = w r e r + logee, 

/ a .a an(^)sinn6» ^ a n (r) cos n0 

^ o : = E n3(1 _ w 7 t) » ^ *) : = 22 n 3 (1 _ n r t) ■ 

n=l n=l v ' 

Here a n e W£(0,1) are any functions satisfying the following condi- 
tions: 

0, r€ [0,1-^], 

a n {r) = I 0<a n (r)<l, r£ (1-^,1), (5.1) 
a n (r) = 1, r = 1. 

<£(l) = n-l, (5.2) 

K(r)| < Cn 3 , |<(r)| < Cn 6 V r G [0, 1]. (5.3) 



For example, the following functions a n satisfy all conditions (|5.ip - 
([53]): 

a n (r) = (3ra 6 - n 4 + n 3 )(r - 1 + n~ 3 ) 2 - (2n 9 - n 7 + n 6 )(r - 1 + n~ 3 ) 3 
for r € (1 - ^r, 1] and a n (r) = for r € [0, 1 - 
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Take a smooth cut-off function in t- variable \ S C 1 ( [— 1 , 0] ) such 
that 

0<x(i)<l, x(t) = Vt€ [-1,-2/3], x(t) = l Vt 6 [-1/3,0], 
and denote by v, p, f, g the following functions: 



v ■= x ( w - V^), p := xdtip, 
f := X{dtw - Aw) +x'{w -Vip), g:=xdivw. 



(5.4) 



Then (v,p,f,g) satisfy pointwise the following system of equations: 

in Q = Ox (-1,0) 



dtv — Av + Vp = / 
div v = g 

v\ t =-i = 0, v\ m = 0. 
Moreover, for any t € (—1,0) we have 



(5.5) 



g(x,t) dx = x(t) w(s,t) ■ u(s) ds = x(t) I w r (l, 6, t) d9 = 0. 



2?r 



^From (|5.2p we obtain 
div w 



d r w r H — uv H — 



So, 5 



9nx(-i,o) 



n=l 
0. 



(a^ + — to„) sinn# 



ra 3 (l — n 7 f) 



r=l 

= 



r=l 



2. Below we will show that the following relations hold: 

X w e W*'\Q), 
X^ € W*' l (Q), 



(5.6) 
(5.7) 

d t V(x^) L 2 (Q). (5.8) 

These relations imply that the data (/, g) of the problem (15. 5p given 
by formulas (|5.4p possess all the properties (jl.9p - (|1.12p . But this 
weak solution is not a strong one as <9eu L%(Q) and Vp L,2(Q). 
We start from the verification of (15.61). We have 



\ - 71 u, 

9 ^ = — (I 



n a n (r) sin n9 



^ (1 - n 7 t) 5 
n=l v ; 
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and hence 

2?r 1 



\\d tWr f L2iQ) =jdtjd0f \d tWr {rM 2 rdr = .Y: / / H^^ rdrdt 
-10 ™=l_i o 

1 

As J \a n (r)\ 2 rdr < n~ 3 we obtain 



A similar estimate holds for 1 1 St^e 1 1 z, 2 (Q) ■ Hence we conclude dtw G 
L2{Q). Now we turn to the estimate of ||V 2 if;||x, 2 (Q) : 

2 a ^ ? f (|<| 2 r + n 2 \a' n \ 2 r- 1 + n 4 \a n \ 2 r - 3 ) drdt 



n=1 -1 



n 6 (l - n 7 t) 

The conditions (15. ip and (|5.3j) imply 



/ (|<| 2 r + n 2 |anl^ _1 +^Vn| 2 ^ 3 ) dr<Cn 9 , 
Jo 



so 



-oo. 



n=l , n=l 

The weaker norms ||w||l 2 (Q) and ||Vto||x, 2 (Q) can be estimated in the 
similar way. So, (|5.6p is proved. The proof of (|5.7j) is analogous. 

We are left to prove (|5.8p . /.From (|5.7j) we see that x'VV> £ L%(Q) 
and hence we need to show that xcWV> L2(Q). As x = 1 on 
[— 1,0] and the functions {sinra^}^L 1 are orthogonal in 1/2(0, 2tt) it is 
sufficient to show that 

E / * / ( (1 _ n 7 t) 2 ) «Jr = +oo. (5-9) 



n_1 -1/3 



Indeed, 

o 1 

n % r 2n ~ l dr 1 

+ 0(n n -> oo, 



/ */ 

-1/3 



'1 - n 7 i) 4 6 
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thus we arrive at (|5.9p . ■ 



Proof of Theorem ll.3l Assume there are two week solutions (vi,pi) 
and (v2,P2) satisfying the system (jl.ip . (|1.2|) with the same functions 
(f,g)- Consider the differences w = v± — V2, q = pi — P2- Then (w,q) 
is a weak solution to the homogeneous Stokes problem with zero data. 
This solution satisfies all conditions (jl.9p — (|1.12p . Multiplying the 
equation by w we obtain 

^H|| 2 = -||v™||| 2 <o, 

and therefore w = 0. I 



6 Appendix 

In this section we present the derivation of the estimate (|1 . 14[) from 
the estimate (pTTTj) . We remind that Q + := B + x (-1,0), B + := { x G 
M. n : \x\ < 1, x n > } and take arbitrary p, r such that 

\ <P<r< 

Consider a cut-off function £ G Cq°(Q) such that 
< C < 1 in Q + , C = 1 m Q+ C = in Q+ \ Q+ 

||V*CI|£.(g + ) < fc = l,2, ||ftC[|i»(0+) < ^ 

where 

Q+ ■= B+ x (--R 2 ,0), 5+ := {iel tt : |x| <R,x n > 0}. 

Let (u, g) be a solution to the system (|1.13|) and consider functions 
v := (^u, p := Then (v,p) is a solution to the problem (|1,1|) with 
O being a smooth domain such that B^ 1Q C Q C Bf and 

f = Cf + u(d t ( - AC) - 2(v«)vc + ?vc, <? = u • vc 

Applying the estimate (|1.7j) and taking into account that > 1 we 
obtain 

+c(\\v{u ■ VC)||| SiJ(q+) + \\d t {u ■ VC)|U. il( ^)llft(« • v C)ll^_ w - 1(B+)) 
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Taking into account estimates 



llv(«-vc)iit ij(Q+) < ^=h^ lH k?(Q + y 



c / \ 
\\dt(u-V()\\ LsAQ+) < -r _ p)2 [\\dtu\\ LaAQ + ) + \\u\\ LsAQ+) ), 

C 



we get 



- P 
C 



+ ( r - p )2s\\\ U \\wlf{Q+) + I^HL,i(Q + ) + » UtU »L l (-l,0;W s ~ 1 (B+)) 



- (r _ p) 2s W^ U \\L aA Qt) \W^ U \\L l U,0;Wr\B + )) + IHH a ){Q+) ) ' 

(6.1) 

Estimating the last term in the right-hand side of (|6,ip via the Young 
inequality ab < ea s + C e b s we obtain the estimate 



(^)2jll^llL s , i (Q+)(ll^lll;( 1 -l,0;^- 1 (B + )) + H^I'lV) 



< 



C / 

^ ^I^HL^Qrt + {r -p)2ss\ \\ d M\ s Ll{ _ m ^ {B+)) + ll«lli.,,(Q+) > / • 
where the constant e > can be chosen arbitrary small. Therefore, 

M ki(Qi) - c ^Iaq+) + £ ll a ^lll, i (Q+) + 



E 



+ ( r _^)2ss' U |U "<i°(Q + ) + " q " L sAQ + ) + » U * 1U llr,(-l ) 0;Wr 1 (B+)) j ;' 

and by virtue of (|1.16j) 

C ( \ ( 6 - 2 ) 

+ (r _ p £ )2^ (H/lli s , i (Q+) + W u Wkf(Q + ) + 

Now let us introduce the monotone function ^(p) := IMI^.i^g+y and 
the constant 



A ■= °e \}\n S L s>l{ Q +) + Mwl» {Q+) + IMIW) j ■ 
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The inequality (|6.2p implies that 

< e*(r) + j^s, Vp,r: Ri<p<r<R , (6.3) 

for some a > depending only on s, and for i?i = |, i? = fjj- Now 
we shall take an advantage of the following lemma (which can be easily 
proved by iterations if one take := Rq — 2~ k (Ro — Ri)): 

Lemma 6.1 Assume \P is a nondecreasing bounded function which 
satisfies the inequality W. 3\) for some a > 0, A > 0, and e G (0, 2~ a ). 
Then there exists a constant B depending only on e and a such that 



Fixing e = 2 3ss in (|6.2p and applying Lemma 16. II to our function ^> , 
we obtain the estimate 

" n "<f«V 2 ) - C *(H^li.,i(0 + ) + ^H<f(Q+) + 11^1^(0+)) 
which completes the proof. ■ 
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